Abstract. We study the dynamics of the space debris in the 1:1 and 2:1 resonances, where geosynchronous and GPS satellites are located. By using Hamiltonian formalism, we consider a model including the geopotential contribution for which we compute the secular and resonant expansions of the Hamiltonian.
Introduction
Since humankind started the conquest of space, a number of debris accumulated and now populate the sky, from the near atmosphere to the geostationary region. Such debris, whose size runs from a few millimeters to several centimeters, are remnants of spacecraft explosions or collisions, non-operative satellites, rocket upper stages, etc. ( [17] ). Current estimates show that there exist about 3·10 8 objects with size larger than 1 mm and about 3.5 · 10 5 objects larger than 1 cm. The impact of such debris with operative spacecraft or satellites could result in a dangerous or even dramatic situation; the accumulation of debris in specific regions of the sky -where most of operative satellites are positioned -cannot be neglected anymore. Understanding the dynamics and evolution of space debris is essential for maintenance and control strategies, as well as to assess mitigation procedures ( [22] , [23] ).
J 22 (see [18] , [26] , [27] , [28] ). In the case of a large area-to-mass ratio, the solar radiation pressure is important and induces long periodic (yearly) variations in the eccentricity. GPS orbits are located at about 26 560 km from Earth's center; here satellites move with a period of 12 h (sidereal time), namely half of the period of rotation of the Earth.
We shall refer to this situation as a 2:1 gravitational resonance. Much of the present work is devoted to the study of the 2:1 resonance, whose typical effect is to provoke long-period changes of the eccentricity. A geostationary orbit is situated on the equatorial plane at about 42 164 km from Earth's center. Here, an object has an orbital period equal to the Earth's rotational period (one sidereal day), and thus it appears motionless, at a fixed position in the sky, to ground observers. This situation corresponds to a 1:1 gravitational resonance.
The 1:1 (in GEO) and 2:1 (in MEO) resonances will be the main object of this work, as, outside LEO, most of the satellites (and therefore most of the debris) are currently found in these regions. Sometimes we will refer to these resonances as GEO and MEO resonances, with clear reference to the satellites that populate the corresponding resonant regions. The identification of the dynamical character around the 1:1 and 2:1 resonances is of seminal importance for the following reasons: stable regions allow us to minimize the eccentricity growth, while chaotic behaviors can be skilfully exploited for mitigation strategies, either moving the debris in graveyard regions or aiming at its re-enter and destruction into the atmosphere.
Most of the works available in the literature use Cartesian equations to describe the dynamics of space debris. The advantage of the Cartesian approach (see Section 2) is that one can easily include all effects (geopotential, lunisolar perturbations and solar radiation pressure; for other important effects, like Earth's shadowing, see [15] ). The disadvantage is that it is difficult to catch the resonances, due to their limited size (often just of a few kilometers), and to get a description of the dynamics inside the librational regions. The present work aims to exploit the full power of the Hamiltonian formalism, which provides a careful and detailed description of the resonant regions, once the main harmonics are taken into account. Since the Hamiltonian approach contains some approximations, the results are validated by a comparison with the integration of the complete Cartesian equations of motion.
Within the Hamiltonian formalism, we compute the secular and resonant parts (see Section 3), considering only the effect of Earth's oblateness and disregarding all other effects. For these terms we provide explicit (sometimes long) expressions, which can be handled analytically or integrated numerically. While providing such expansions, we analyze the dominant terms (namely those terms with magnitude bigger than other terms of the expansion) as a function of the eccentricity and the inclination. This procedure provides a very efficient way to recognize which terms prevail in specific regions in the orbital parameters. The outcoming analysis shows a marked difference between the 1:1 and 2:1 resonances, since for the 1:1 resonance a term of order J 22 dominates almost everywhere, while for the 2:1 resonance different terms are dominant according to the value of the eccentricity and the inclination. An expansion of the Hamiltonian around the resonant location and simple canonical transformations allow us to reduce the Hamiltonian to a pendulum-like system with one single harmonic, which provides the computation of the amplitude of the libration region around the resonance (see Section 4) . Though yielding an elementary estimate of the libration amplitudes, the results are in good agreement with the integrations performed using the complete Cartesian equations (i.e. including the luni-solar attraction and the solar radiation pressure).
A cartography of the 1:1 and 2:1 resonances is provided in Section 5 through the computation of the Fast Lyapunov Indicators (hereafter FLIs). The FLIs provide an efficient tool to study the stable and chaotic behavior of a dynamical system by comparing the values of the FLIs as the initial conditions or parameters are varied. Such analysis has been shown to be very effective in distinguishing between regular, resonant or chaotic motions ( [11] , [10] , see also [13] , [14] , [12] ). Using the FLIs, different cartographic studies are performed in Section 5 to describe the 1:1 and 2:1 resonances (see also [25] where a different chaos indicator has been used).
For the 1:1 resonance we investigate the effects of Earth's gravitational perturbations up to degree and order four. In particular, we see that the location of the equilibrium points is not influenced by the longitude of the ascending node, but it depends on the argument of perigee. However, since for the 1:1 resonance a term of order J 22 dominates almost everywhere, this dependence on the argument of perigee is negligible, except for some specific regions in eccentricity and inclination, where more dominant terms coexist.
As far as the 2:1 resonance is concerned, by using a toy model including the secular term and a reduced number of dominant terms, we show that there is a superposition of harmonics. For inclinations different than the critical inclination i = 63.4 o (at which so-called frozen orbits are found), we observe that the resonance splits into a triplet of resonances with a complex interplay of regular and chaotic motions due to the interaction between the different harmonics. It is also remarkable that, for i = 70.53 o , a transcritical bifurcation phenomenon takes place: the stability of the equilibria reverses for small changes in the inclination, thus allowing to move a debris from a stable to an unstable zone (or viceversa). An exhaustive analysis of transcritical bifurcations for different resonances is performed in [4] .
This work is organized as follows. In Section 2 we introduce the Cartesian equations of motion including the effects of the Earth's oblateness, the gravitational attraction of Sun and Moon, and the solar radiation pressure (see also Appendix 6) . The Hamiltonian approach is presented in Section 3, which provides also the analysis of the resonant and dominant terms. The reduction to a pendulum-like structure is given in Section 4, where an estimate of the resonant amplitudes is provided. The cartographic study based on the computation of the FLIs is presented in Section 5.
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Geopotential, lunisolar and solar radiation pressure effects
In this section we introduce the Cartesian equations of motion of a space debris S under the influence of the Earth, taking into account the oblateness and the rotation of our planet, the effects of the Moon and of the Sun as well as the solar radiation pressure.
We refer to [1] , [5] for further details.
The equations of motion are provided by the sum of the contributions of the Earth's gravitational influence, computed over the whole volume V E of the Earth and including the oblateness effect, the solar and lunar attractions, proportional to the masses m S and m M of Sun and Moon, and the solar radiation pressure:
where G is the gravitational constant, ρ(r p ) is the density at some point r p inside the Earth, r, r S , r M are the position vectors of the debris, the Sun and the Moon with respect to the Earth's center, C r is the reflectivity coefficient, depending on the optical properties of the space debris surface, P r is the radiation pressure for an object located
is the area-to-mass ratio with A being the cross-section of the space debris and m its mass. The vectors r S , r M can be found in [1] , [20] as a function of time.
We introduce two reference frames centered in the Earth, the quasi-inertial frame with unit vectors {e 1 , e 2 , e 3 } fixed and the synodic frame with unit vectors {f 1 , f 2 , f 3 } rotating with the same angular velocity of the Earth. We choose the orientation of these vectors such that e 3 = f 3 is perpendicular to the equatorial plane and f 1 , f 3 are in the Greenwich meridian plane.
Denoting by (r, λ, φ) the spherical coordinates in the synodic frame, the geopotential associated to the first term at the right hand side of (2.1), expanded in spherical harmonics, can be written as ( [1] , [16] , [20] )
where M E , R E are the mass and equatorial radius of the Earth, the quantities P m n are defined in terms of the Legendre polynomials:
} , while C nm , S nm are the spherical harmonic coefficients of the geopotential ( [16] ).
For reasons which will be clear in the following sections, in our computations we consider a model with Earth's gravity harmonics up to degree and order n = m = 3.
Since the corresponding system of equations involves long expressions, in the following we present a simplified system obtained by taking into account just the Earth's gravity harmonics up to degree and order two; for self-consistency we provide in the Appendix some details on the derivation of the equations of motion. The reader can easily use the results presented there in order to get the full system of the equations that we use in this paper. Denoting by (x, y, z) the coordinates in the quasi-inertial frame, the equations of motion, in which the Earth's gravity harmonics are considered up to n = m = 2, are:
where C − S ≡ C 22 cos 2θ − S 22 sin 2θ, C + S ≡ C 22 sin 2θ + S 22 cos 2θ, and θ is the sidereal time.
Hamiltonian formulation of the resonances under the geopotential
In this section we provide the Hamiltonian formulation of the equations of motion by considering just the effect of the geopotential. We give explicit expressions for the secular part as well as the 1:1 and 2:1 resonant Hamiltonians. We use action-angle Delaunay variables (L, G, H, M, ω, Ω), which are related to the orbital elements (a, e, i, M, ω, Ω) by the expressions
where µ E = GM E , a is the semimajor axis, e the eccentricity, i the inclination, M the mean anomaly, ω the argument of perigee, Ω the longitude of the ascending node (see, e.g., [3] ). Recalling that θ is the sidereal time, the Hamiltonian can be written as
where R earth denotes the disturbing function, whose explicit expression will be given in Section 3.1.
3.1. The disturbing function R earth . In the geocentric quasi-inertial frame, the disturbing function R earth is given by (see [16] )
3)
The functions F nmp , G npq are given by the following relations (see [16] ):
], w is summed from zero to the lesser of p and k, c is summed over all values for which the binomial coefficients are not zero; the functions G npq are defined as
where
where h = k when q ′ > 0 and
To complete the description of (3.3), we provide the expression of S nmpq . If we introduce the quantities J nm and λ nm defined by
then we can write S nmpq in the form
3.2. Expansion of the Hamiltonian. With reference to (3.2), the long term variation of the orbital elements is governed by the secular and resonant terms associated to the perturbing function R earth , once we average over the non-resonant terms. Therefore, in the rest of this section we focus our attention on the secular and resonant parts up to terms of degree and order n = m = 4. We will see in Section 5 that the fourth degree provides a sufficiently accurate description of the dynamics. Therefore, we approximate R earth by R earth = R 
In order to define the resonant contributions, we need the following definition. 
whereṀ provides the mean motion of the object andθ is the angular speed of the Earth's rotation.
We stress that (3.8) can be satisfied only approximately, namely within a specific accuracy, as it happens, e.g., in spin-orbit or mean-motion resonances in Celestial Mechanics.
Since the frequenciesω,Ω are small but not zero, then for a specific resonance the resonant angles Ψ nmpq in (3.7) for different n, m, p, q have zero derivative at different locations, thus providing that each resonance splits into a multiplet of resonances. The exact location of the resonance for each component of the multiplet is obtained by using the exact relation˙ Ψ nmpq = 0.
In the following sub-sections we provide the explicit expansions of the secular and 1:1 resonant parts of R earth up to the second order in the eccentricity, while the 2:1 resonant contribution is expanded up to the fourth order in the eccentricity, due to the fact that many highly eccentric satellites are located in the 2:1 resonant region. Though it would suffice to provide the formulae given in Sections 3.1, 3.2 to compute the secular and resonant parts of R earth , we believe worthwhile to give the explicit expressions, since their forms are seminal for the discussion of the dominant terms as well as for the introduction of toy models, which will help to explain some features of the resonant dynamics.
3.2.1. The secular part of the disturbing function R earth . Recalling the expression for S nmpq given in (3.6), the secular terms correspond to m = 0 and n − 2p + q = 0. Using (3.3) , the values for the functions F and G obtained from (3.4), (3.5) , and the formula (3.6) for S nmpq , we get the following expression for the secular part of the geopotential up to second order in the eccentricity: 
We remark that since J 2 ≫ J 3 and J 2 ≫ J 4 , the J 2 -term is dominant. We report in Table 1 Retaining just the terms up to second order in eccentricity, we obtain:
(3.10)
From Table 1 we see that the leading coefficients are J 22 , J 31 . Therefore, with reference to (3.10), let us introduce the following notation:
and
is the so-called stroboscopic mean node.
The magnitude of each term in (3.10) varies with the eccentricity and the inclination. In order to compare the effects produced by the terms of R res1:1 earth and to provide an analytical argument for the numerical results which will be presented in Section 5, we introduce the following heuristic definition of dominant term.
Definition 2.
For given values of (a, e, i), equivalently for given values of (L, G, H), we say that a specific term, say T k for some k ∈ Z, of the expansion of R Table 1 . Values of C nm , S nm , J nm (in units of 10 −6 ), computed from [8] .
We proceed to provide an analysis of the dominant terms, which turns out to be a simple, but essential tool to perform fast computations. In particular, we underline which are the most important terms to be taken into account in the expansion of the geopotential, thus avoiding the integration of very long expressions, like those given in (3.10). With reference to (3.11), in Figure 1 left we represent the index of the dominant term as a function of eccentricity and inclination, where the colors are set as follows: black means that max{|g 1 |, |g 2 |, |g 3 |} = |g 1 |, brown shows that |g 2 | has the highest value, yellow expresses the fact that T 3 dominates. From the analysis of Figure 1 left we conclude that T 1 dominates in almost all regions of the plane, except for some high eccentricities and inclinations. A refined analysis shows that for small inclinations and eccentricities the magnitude of T 1 is much greater than the magnitude of any other term in the expansion.
This will be the main reason for getting a pendulum like behavior with the stable point located at λ = λ 22 , see Remark 3 and compare with Figure 3 below. In conclusion, for given values of eccentricity and inclination, Figure 1 provides the dominant term of the expansion (3.10). Of course the analysis can be extended by considering more terms of the expansion (3.10), but we limit our discussion to the most relevant ones leaded by the coefficients J 22 , J 31 , whose size is the highest one, as it is shown in Table 1 . earth as a function of (e, i): 
In this case we extend the computations up to the fourth order in the eccentricity, since in the GPS region there are satellites (e.g., Molniya satellites) with very high values of the eccentricity, say e ∈ (0.5, 0.75). Thus, we obtain the following expansion: 
Definition 2 of dominant terms can be straightforwardly extended to any resonance.
In particular, by comparing the magnitude of each harmonic in R res2:1 earth , we note that the most important terms in R res2:1 earth are t 1 , t 2 and t 3 , where
and λ is the stroboscopic mean node defined in the case of the 2 : 1 resonance by
The right panel of Figure 1 is the analogue of the left one for the 2:1 resonance and it shows the dominant term as a function of eccentricity and inclination, where the colors are set as follows: black means that t 1 dominates, brown shows that t 2 has the highest magnitude, yellow expresses the fact that t 3 is the dominant term. In contrast to the 1 : 1 resonance, where a single term, precisely T 1 , prevails over a large region of the domain, we have a different balance between the three terms. In particular, for many eccentricities and inclinations the magnitude of T 1 in Figure 1 left was greater than the magnitude of any other term of R res1:1 earth , while for the 2 : 1 resonance we do not have such a prominent term. Each of the terms t 1 , t 2 or t 3 dominates (in the sense of Definition 2) in some specific region of the domain (e, i). However, for the 2:1 resonance if one term dominates, it does not mean that its magnitude is much greater than the magnitude of the other two terms. Indeed, there are large regions of the domain, where t 1 , t 2 and t 3 are comparable in magnitude. In this respect the results for the 2:1 resonance are much different than in the case of the 1 : 1 resonance.
There is a special case where a fourth degree harmonic term dominates. This case stems from the fact that all terms (except t 3 and a J 44 -term) are of order O(e) and 
The equilibrium points are given by λ = λ 22 or 
A measure of the amplitude of resonant islands
In this section we provide an elementary computation to estimate the amplitude arising around a given p : q resonance. We stress that the formulae we shall derive can be implemented without any computational effort and yet provide a very reliable estimate of the size of the resonant islands. This analysis, complemented with that of the dominant terms presented in Section 3, provides a fast description of the dynamics in the neighborhood of a resonance.
Having denoted by R sec earth the secular part of the geopotential (see (3.9)), we consider the Hamiltonian corresponding to the p : q resonance (for some p, q coprime integers), where the non-resonant terms have been averaged out. We expand the resonant part in Fourier series up to finite orders, say N 1 , N 2 , N 3 , and we denote by R (p,q) k the Fourier coefficients of the resonant part. The resulting resonant Hamiltonian is thus given by
where cs could be either cosine or sine. We recall that the p : q resonance corresponds to the relation qṀ − pθ = 0; taking into account thatθ = 1 (in normalized units) and denoting by L res the resonant value of the Delaunay action L, we havė
so that the resonant value L res is obtained as
Using that a = L 2 /µ E , we get that the resonant value of the semimajor axis is
E .
Let us proceed to expand (4.1) around L res up to second order: 
where we have introduced the quantities
) is the index at which the maximum defining A is reached.
Since the second term in β is much smaller than the first term, in practical computations we replace β with
Let us find the quantities B, C such that
we immediately find
Neglecting again constant terms, we write (4.4) as
Next, we define Γ ≡ B + CΛ, so that (4.7) becomes
Then, we obtain that the excursion in Γ, say ∆Γ, is equal to (compare with [19] ) ∆Γ = √ 2A, which provides
Going back to the Delaunay action L, we get ∆L = 2A/β; taking into account that
Therefore, we obtain that the full amplitude of the p : q resonant island, measured in terms of the semimajor axis, is given by
with A, β as in (4.5), (4.6) and L res as in (4.2). 
Cartography
In this section we describe the results about the analysis of the 1:1 and 2:1 resonances using the FLIs, whose definition is provided below in Section 5.1. Each region shows a peculiar cartography, where the main zones of resonant, stable and chaotic motions are highlighted.
5.1. Fast Lyapunov Indicator. The FLI can be defined as the largest Lyapunov characteristic exponent at a fixed time, say t = T ( [10] ). More precisely, let us consider the n-dimensional differential systemẋ
where x ∈ R n and the n-dimensional vector function f : R n → R n represents the vector field. Let the corresponding variational equations be written aṡ
where v is an n-dimensional vector.
Given the initial conditions x(0) ∈ R n , v(0) ∈ R n , the FLI at the time T > 0 is given
log ||v(t)|| .
In the following sections (Section 5.2 for the 1:1 resonance and Section 5.4 for the 2:1 resonance) we present results in the plane of coordinates or in the parameter plane, providing the value of the FLI through a color scale, where darker colors will denote a regular dynamics, either periodic or quasi-periodic, while lighter colors will denote chaotic motions. We remark that in each plot the color scale may be different. The results of Sections 5.2 and 5.4 will provide information on the regular or chaotic character of the dynamics, on the dependence of the resonances on the parameters, on the location of the equilibrium points. Our study will be mainly based on the Hamiltonian formulation for the 1:1 and 2:1 resonances, but we will also provide results using the Cartesian approach including, beside the geopotential, the effects of Sun, Moon and solar radiation pressure.
5.2.
Cartography of the 1:1 resonance. We compute a grid of 100 × 100 points of the λ − a plane, where the stroboscopic mean node λ ranges in the interval [−220
while the semimajor axis a spans an area around the geostationary value corresponding to a = 42 164.1696 km. Figure 3 shows the FLI values for e = 0.005, i = 0, ω = 0, Ω = 0 and different approximations from second to fourth order degree harmonics (we used as integration algorithm a 4-th order Runge-Kutta method). We also add a panel in the (e, a) plane, which provides the amplitude of the libration islands as the eccentricity increases. For the dynamical model based just on the perturbing harmonics J 2 and J 22 ( Figure 3, upper left panel), pendulum like plots are obtained. The semimajor axis a and the stroboscopic mean node λ librate or circulate; the separatrix divides the phase-space in regions corresponding to libration or circulation. Including higher order harmonics, up to degree and order three and four, the pattern of the resonance slightly changes, revealing the appearance of more complex orbits (see Figure 3 , upper right and bottom left panels).
In particular, near the separatrix some additional curves are visible and, moreover, the this section we analyze the influence of non-zero initial angles ω and Ω on the location of the equilibrium points.
Since all resonant arguments in R res1:1 earth may be written in the form mλ + jω − nλ nm , where m, n ∈ N and j ∈ Z, a non-zero initial Ω does not influence the location of the equilibrium points. Moreover, since T 1 is dominant in almost all regions of the phase space, with its magnitude much greater than the size of any other term, and since its resonant argument (see (3.11)) does not depend on ω, the location of the equilibrium points is not affected by the argument of perigee for almost all inclinations and eccentricities. We immediately recognize that using λ = M − θ + ω + Ω in place of M, then Ω becomes a cyclic variable. Moreover, in the case of GEO, for a model based just on the perturbations due to J 2 and to T 1 , then ω is also a cyclic variable.
Notice that also in the case of the 2:1 resonance, for the model based on the perturbing terms due to J 2 and to the term t 3 defined in (3.13), then ω is a cyclic variable.
For the models based on J 2 and another term, one can easily perform an adapted change of canonical variables in such a way that ω becomes cyclic. This is the reason for having that Ω has no influence on the location of the equilibrium points and that the location of the equilibrium points depends on ω, provided that there are two or three terms in the Hamiltonian which are comparable in magnitude.
5.4.
Cartography of the 2:1 resonance. In this section we consider the 2:1 resonance and we perform an analysis similar to that provided for the 1:1 resonance in Section 5.2. o , ω = 0, Ω = 0 under the effects of J 2 + t 1 + t 2 + t 3 .
For the 2 : 1 resonance a phenomenon of superposition of harmonics takes place. To explain this phenomenon and to point out its effects, let us consider the following toy model described by the Hamiltonian
where we approximate R sec earth by
that is, we consider just the influence of the J 2 harmonic, and where t 1 , t 2 , t 3 are defined in (3.13). For simplicity, we consider these terms up to second order in eccentricity, namely we take
where σ = 2λ with λ as in (3.14). 
which is defined by
while ω, Ω, θ are kept unaltered. In terms of the new variables, the autonomous Hamiltonian K toy is given by
, from which we get the non-autonomous Hamiltonian
The new action-angle variables (L, G ′ , H ′ , σ, ω, Ω) are related to the orbital elements through the relations (3.1), (3.14), (5.2).
Let us underline one of the main effects induced by the J 2 harmonic (see also [5] ). Setting t 1 = t 2 = t 3 = 0 in (5.3), it is easy to show (see for example [16] ) that J 2 provokes a secular regression of the orbital node and a precession of the perigee, that iṡ of (3.13) will have zero derivatives at different locations. Therefore, the gravitational resonance splits into a triplet of resonances, the separation between them being of the order of a few kilometers (precisely a value between 0-9 km, the exact value depending on the inclination and the eccentricity).
In Figure 7 , obtained for the initial conditions e = 0.1, i = 20 o , ω = 0, Ω = 0, we represent the FLI values for the toy-models taking into account as perturbations: (Figure 7 , bottom right); all harmonics interact, leading to a complex dynamics with a complicated interplay of regular and chaotic motions. Roughly speaking, as long as the magnitude of one of the terms t 1 , t 2 or t 3 is much greater than the magnitude of the other two, then a pendulum-like pattern is obtained.
On the contrary, when two (or all three) terms t 1 , t 2 , t 3 are comparable in magnitude and i = 63. 4 o , then all harmonics superpose, leading to chaotic motions as in Figure 8 Since t 1 and t 2 are proportional to the eccentricity, t 3 is proportional to sin i(1−2 cos i− 3 cos 2 i) and t 2 is proportional to sin 2 i, each term will dominate in a specific region of the phase space (see Figure 1 right). As a consequence, the location of resonant island's centers as well as the widths of the resonances depend on the values of the eccentricity and of the inclination. For example, in Figure 9 (top left and top right), since t 3 is dominant for small eccentricities, the center of the resonant island is at about σ = 55 o and the amplitude of the resonance increases (and then decreases) with the growth of the inclination. An interesting phenomenon occurs for i = 70.53 o , since the function Figure 10) . Therefore, at i = 70.53 o we have a transcritical bifurcation point, since a small change in inclination causes the stability of the equilibrium points to change. This critical point is clearly marked as a cusp in the shape displayed in Figure 1 right (compare also with Figure 2 right Figure 9 , bottom left).
If the value of the eccentricity is larger, then t 1 is dominant for i < i 0 and t 2 is dominant for i > i 0 , where function −f increases. It is striking to compare the behavior of the function f with the pattern followed in Figure 10 top panels by the amplitude of the resonance. Figure 10 top panels, we notice that the structure of the left plot is not horizontal, but rather slightly inclined. That is, increasing the inclination, the location of the equilibrium points is shifted in semimajor axis. The J 2 harmonic is responsible for this behavior, which provokes the secular regression of the orbital node and the precession of perigee.
The exact location of the resonance is given byσ ≡Ṁ − 2θ +ω + 2Ω = 0. In view of Thereforeω + 2Ω decreases with the inclination within (0 o , 66.4 o ) and, as a consequence, the equilibrium points are shifted in semimajor axis, as far as the inclination increases. Figure 10 (middle panels) is obtained for e = 0.1 and shows that the roles played by t 1 and t 2 enhance the complexity of the problem. Finally, Figure 10 (bottom panels) provides the FLI values in the plane (e, a). These plots give an estimate of the width of the resonance for each value of the eccentricity; we may conclude that for small e the motion is regular, while for moderate and large e the plots show very complex behaviors. 5.5. Location of the equilibrium points for the 2:1 resonance. As in in Section 5.3 we infer that Ω does not influence the location of the equilibria. In contrast to the 1 : 1 resonance, ω plays an important role for moderate and high eccentricities. For the 2 : 1 resonance there are three leading terms, t 1 , t 2 , t 3 , with comparable magnitude in most of the phase space. Since their resonant arguments are σ ± ω − 2λ 22 and σ − 2λ 32 , the location of the equilibria and the pattern of the resonances are strongly affected by ω. Here, we present just a discussion based on the toy-models which take into account as perturbation: J 2 + t 1 , J 2 + t 2 , J 2 + t 3 and J 2 + t 1 + t 2 + t 3 , respectively. As already remarked, the first three toy-models yield pendulum-like plots (compare with Figure 7 ). For J 2 + t 1 the stable point is located at σ = 2λ 22 Figure 11 . It is evident that Figures 7 and 11 (bottom right)
are not identical, indicating a strong dependence on ω, when the magnitudes of t 1 , t 2 , t 3 are comparable. In conclusion, as long as the magnitude of one term is much greater than the size of any other term of R res2:1 earth , then pendulum-like plots are obtained and the stable points are shifted according to the value of ω. In the case when all three terms are taken into account, we have a complex dynamics, strongly depending on the value of ω.
Appendix: On the derivation of the Cartesian equations of motion
We denote by θ the sidereal time and let r be the radius vector of the debris with coordinates (x, y, z) and (X, Y, Z) in the quasi-inertial and in the synodic frames introduced in Section 2: r = xe 1 + ye 2 + ze 3 = Xf 1 + Y f 2 + Zf 3 . Denoting by R 3 (θ) the rotation matrix of angle θ around the third axis, the relation between the coordinates is  The equations of motion (2.1) are provided by the sum of the contributions of the Earth's gravitational influence, including the oblateness effect, the solar attraction, the lunar attraction and the solar radiation pressure. Let us denote by ∇ F and ∇ I the gradients in the synodic and quasi-inertial frames:
The equations (2.1) can be written in the form r = G R 3 (−θ) ∇ 
